Gravitational collapse of massless scalar field and radiation fluid by Wang, A et al.
Gravitational collapse of massless scalar eld
and radiation fluid
Anzhong Wang
Departamento de Fsica Teorica, Universidade do Estado do Rio de Janeiro,
Rua S~ao Francisco Xavier 524, Maracan~a, 20550-013 Rio de Janeiro { RJ, Brazil
and
Observatorio Nacional { CNPq,
Rua General Jose Cristino 77, S~ao Cristov~ao, 20921-400 Rio de Janeiro { RJ, Brazil
J.F. Villas da Rochay, N.O. Santosz
Departmento de Astrofsica, Observatorio Nacional { CNPq,






Several classes of conformally-flat and spherically symmetric exact
solutions to the Einstein eld equations coupled with either a massless
scalar eld or a radiation fluid are given, and their main properties
are studied. It is found that some represent the formation of black
holes due to the gravitational collapse of the matter elds. When
the spacetimes have continuous self-similarity (CSS), the masses of
black holes take a scaling form MBH / (P − P )γ , where γ = 0:5 for
massless scalar eld and γ = 1 for radiation fluid. The reasons for the
dierence between the values of γ obtained here and those obtained
previously are discussed. When the spacetimes have neither CSS nor
DSS (Discrete self-similarity), the masses of black holes always turn
on with nite non-zero values.
PACS numbers: 96.60.Lf, 04.20Jb, 04.40.+c.
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I. INTRODUCTION
Gravitational collapse is one of the fundamental problems in General Rela-
tivity (GR). The collapse generally has three kinds of possible nal states.
The rst is simply the halt of the processes in a self-sustained object or the
dispersion of a matter or gravitational eld. The second is the formation of
black holes with outgoing gravitational radiation and matter, while the third
is the formation of naked singularities. For the last case, however, the cosmic
censorship hypothesis [1] declares that these naked singularities do not occur
in Nature. The study of gravitational collapse has been mainly guided by
these three possibilities.
However, due to the mathematical complexity of the Einstein eld equa-
tions, we are frequently forced to impose some symmetries on the concerned
systems in order to make the problem tractable. Spacetimes with spherical
symmetry are one of the cases. In particular, the gravitational collapse of a
minimally coupled massless scalar eld in such spacetimes has been studied
both analytically [2] and numerically [3], and some fundamental theorems
have been established. Quite recently this problem has further attracted
attention, due to Choptuik’s discovery of critical phenomena that were hith-
erto unknown [4]. By using a very sophisticated method, Choptuik showed
numerically the following intriguing features: Let the initial distribution of
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the massless scalar eld be parameterized smoothly by a parameter P that
characterizes the strength of the initial conditions, such that the collapse of
the scalar eld with the initial data P > P  forms a black hole, while the
one with P < P  does not. Then, it was found that: a) the critical solution
with P = P  is universal in the sense that in all the one-parameter families
of the solutions considered it approaches an identical spacetime; b) the crit-
ical solution is periodic in the logarithm of spacetime scale, with a period of
4  3:44. This is usually referred to as \echoing" or discrete self-similarity
(DSS); c) near the critical solution (but with P > P ), the black hole mass
is given by
MBH = K(P − P
)γ;
where K is a family-dependent constant, but γ is an apparently universal
scaling exponent, which has been numerically determined as γ  0:37. These
phenomena were soon found also in the collapse of axisymmetric gravitational
waves [5] and radiation fluid [6]. Therefore, it seems that the phenomena are
not due to the particular choice of the matter elds, but rather are generic
features of GR. Further numerical evidence to support this conclusion can
be found in [7].
Parallel to the above numerical investigations, there have been analytical
eorts in understanding the physics behind these phenomena [8, 9, 10]. While
the universality of the critical solution and its self-similarity (echoing) have
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been found in most cases, the universality of the exponent γ does not. In
particular, Maison [11] showed that γ is matter-dependent. For the collapse
of the perfect fluid with the equation of state p = k, it strongly depends on
k, where p and  are respectively the pressure and energy density of the fluid,
and k is a constant. The same conclusion was also reached both analytically
[12] and numerically [13]. Thus, one might expect that γ is universal only
within a particular family of matter elds.
However, even in this sense γ is still not universal. Lately, Oliveira and
one of the present authors [14] constructed an analytic model that represents
the collapse of massless scalar wave packets by using the so-called \cut-
paste" method to the model studied in [8], and found that γ = 0:5 for
spacetimes with continuous self-similarity (CSS). This is dierent from the
value γ  0:374 for spacetimes with DSS [4]. Thus, the exponent γ depends
not only on matter elds but also on self-similarities, continuous or discrete 1.
A natural question now is: What will happen when the collapse has neither
CSS nor DSS?
In this paper we shall rst present several classes of exact solutions to
1Note that the original Roberts solutions [15] are not regular at the center R = 0.
However, as shown in [8], for the subcritical solutions the hypersurface R = 0 is always
time-like and with negative mass. Since the past and future self-similarity horizons carry
flat-space null data, one can replace the negative mass part of the spacetime with flat one
in both the past and future light cones of the singularity, so that the pieced spacetime has
a regular center [10]. Of course, this will give up the analytic condition, by which, together
with the condition of a regular center, it was shown that the critical solution found in [5]
is unique. In sequel, the exponent γ is uniquely determined [9, 10].
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Einstein’s eld equations coupled either with a massless scalar eld or with
a radiation fluid, and then study their physical properties. To derive these
solutions, we assume that the spacetimes are spherically symmetric and con-
formally flat. One might argue that spacetimes with conformal flatness are
not very realistic, and the total mass of the spacetime is usually innite. To
overcome this shortage, one may match the spacetimes to an asymptotically
flat exterior by the so-called \cut-paste" method [14]. In the present paper,
we shall briefly discuss this possibility, and leave the details to be reported
somewhere else. The rest of the paper is organized as follows: In section
II several classes of exact solutions to the Einstein eld equations coupled
with either a massless scalar eld or a radiation fluid are derived, while in
section III their physical interpretations are studied. The paper is closed
with section IV where our main conclusions are presented.
II. ANALYTIC SOLUTIONS OF MASSLESS
SCALAR FIELD AND RADIATION FLUID
The general spherically symmetric spacetime is described by the metric [16]
ds2 = G(t; r)dt2 + 2H(t; r)dtdr − J(t; r)dr2 −K(t; r)dΩ2;
where dΩ2 = d2 + sin2 d’2, and fxg  ft; r; ; ’g ( = 0; 1; 2; 3) are
the usual spherical coordinates. Due to the arbitrariness in the choice of
coordinates, it is subject to the following coordinate transformation, t =
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T (t0; r0); r = R(t0; r0): Making use of this freedom, we can set H(t; r) = 0.
if we further consider the shear-free case [17], we have K(t; r) = r2J(t; r).
Then, the metric takes the form





Note that the above metric is still subject to the transformation t = f(t),
where f(t) is an arbitrary function. Later on, we shall use this freedom to
further simplify the metric. With the above form of metric, one can show
that the conformal-flatness condition C = 0, where C denotes the












G(t; r)=K(t; r), and ();x @()=@x. The above equation has the
general solution
C(t; r) = f1(t) + f2(t)r
2;
where f1 and f2 are two arbitrary functions of t. Thus, there are three
possibilities:
i) f1(t) 6= 0; f2(t) = 0; ii) f1(t) = 0; f2(t) 6= 0; iii) f1(t) 6= 0; f2(t) 6= 0:
In case i), by introducing a new coordinate t 
R
f1(t)dt we can bring the
metric to a form that is conformally flat to the Minkowski metric. Thus,
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without loss of generality, in this case we can set f1(t) = 1. By a similar
argument, we can set f2(t) = 1 in cases ii) and iii). Once this is done, cases
i) and ii) are not independent. In fact, by a coordinate transform r = 1=r,
the metric of case ii) will reduce to that of case i). Therefore, the general
metric for spherically symmetric spacetimes with conformal flatness takes the
form
ds2 = G(t; r)
h
















with f1(t) 6= 0. In the following, we shall refer solutions with C(t; r) = 1 to
as Type A solutions, and solutions with C(t; r) = f1(t) + r
2 to as Type B
solutions.
The concept of CSS (or homotheticity) is dened in a relativistic context
as the existence of a conformal Killing vector eld , satisfying [18]
; + ; = 2g :
Because of the spherical symmetry, we can write  as  = 0t + 
1r ,
where 0 and 1 are functions of t and r. Substituting this expression into











20;r = 0; (2.3)
where   1
2
lnG;   1
2
ln(h2G), and R  rhG1=2.
The concept of DSS is dened as follows [10]: If there exists a dieomor-
phism  and a real constant 4 such that, for any integer n,
()
n gab = e
2n4gab;
then the corresponding spacetime is said to have DSS, where  denotes the
pullback of . For the metric (2.1) it can be shown that the dieomorphism
implies that
G(t; r) = G(ent; enr); h(t; r) = h(ent; enr): (2.4)
To see the connection between CSS and DSS, one may dene a vector
eld   @=@, where  is one of the four coordinates of the spacetime such
that if a point p has the coordinate (; xa), its image (p) has the coordinate
(+4; xa). The discrete dieomorphism  is then realized as the Lie dragging
along  by a distance 4. Clearly, CSS corresponds to DSS for innitesimally
small 4. In this sense, CSS can be considered as a degenerate case of DSS.
For the details, we would like to refer readers to [10].
The functions G(t; r) and f1(t) are determined by the Einstein eld equa-
tions R − gR=2 = −8T : Note that in this paper we choose units such
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that G = 1 = c, where G is the gravitational constant, and c the speed of
















































































To solve the Einstein eld equations, we need to specify the matter elds. In
the following we shall consider two particular cases, one is a massless scalar
eld, and the other is a radiation fluid.
A. Exact solutions of massless scalar eld
The Einstein eld equations for the massless scalar eld can be written
as
R = −8; ; : (2.9)
Because of the spherical symmetry, without loss of generality, we assume that
 = (t; r). Then, the above equation immediately yield R22 = 0: In view of
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To solve this equation, let us consider Types A and B solutions separately.
Type A Solutions. It can be shown that for Type A solutions, Eq.(2.10)
has the general solution,
G(t; r) = c1 −






where c1 is an arbitrary constant, f(u) and g(v) are arbitrary functions of
their arguments, with u  t+ r and v  t− r. It should be noted that when
other components of the Einstein eld equations (2.5) − (2.7) are considered,
f(u) and g(v) are not really arbitrary. They have to satisfy the integrability
condition for the massless scalar eld, which can be written as
R00R11 −R
2
01 = 0: (2.12)
Once this condition is satised, the massless scalar eld can be obtained by
integrating the other two independent eld equations (2.5) and (2.7), which










To solve Eqs.(2.12) and (2.13) for the general solution of G given by Eq.(2.11)
turns out to be complicate. Therefore, in the following we consider some
particular solutions, which are sucient for our present purpose.
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where c2 is an arbitrary constant, we have
G(t; r) = c1 − c2t: (2.14)
For such a choice, one can show that Eq.(2.12) is automatically satised,
while the integration of Eq.(2.13) yields





ln jc1 − c2tj+ 0; (2.15)
where 0 is an integration constant. Note that this solution was also obtained
recently in [19].
Type B Solutions. For Type B solutions, it can be shown that Eq.(2.10)










































and t0; kn; an and bn are arbitrary constants, subject to Eq.(2.12).
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Case ) One particular solution of Eq.(2.16) is given by
G(t; r) = A cosh(4t)−B sinh(4t); (2.18)
where  
p
−f1 (f1 < 0), A and B are two arbitrary constants. For such
a choice it can be shown that the integrability condition (2.12) is satised,
and Eq.(2.13) has the solution






(A− B)e2t − (B2 − A2)1=2e−2t(A−B)e2t + (B2 −A2)1=2e−2t
+ 0; (2.19)
where 0 is another integration constant. Since  is real, we require B
2−A2 
0.
B. Exact solutions of radiation fluid
For a perfect fluid, the energy-momentum tensor takes the form T =
( + p)uu − pg ; where u denotes the four velocity of the fluid. In the
present case, we can assume that it has only two non-vanishing components,
u = fu0; u1; 0; 0g: Then, one can show that only four of the ten Einstein












































2 = 0: (2.24)
In the following, we shall rst solve Eq.(2.24) to get the general form of
G, and then consider the constraint equation (2.20). Once this is done, we
shall use Eqs.(2.21) and (2.23) to get the energy density of the fluid and its
four velocity. It can be seen that such obtained  is not always positive.
Therefore, to have physical meaningful solutions, we shall further impose the
condition   0.
Before proceeding further, we would like to mention that all the con-
formally flat perfect fluid solutions are known [21]. However, here we shall
re-derive them in a dierent system of coordinates (2.1) for the convenience
of the study of their gravitational collapse.


















where f(u) and g(v) are two arbitrary functions, subjected to Eq.(2.20) and
the condition   0.
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where c1 and c2 are arbitrary constants, we nd
G(t; r) = (c1 − c2t)
2: (2.27)
For such a choice, one can easily show that Eq.(2.20) is satised, while
Eqs.(2.21) and (2.23) give







The above solution belongs to the general Friedmann-Robertson-Walker so-
lutions.
Type B Solutions. When h(t; r) = [f1(t) + r
2]−1, Eq.(2.24) takes the
form























As in the case of the massless scalar eld, the above equation has solutions






























and kn; an and bn are arbitrary constants.
Case ) A particular case of Eq.(2.30) that satises Eq.(2.20) is
G(t; r) = [A cosh(2t)− B sinh(2t)]2; (2.32)
where A and B are two constants, and  is dened as that in Case γ). The
corresponding physical quantities are
 = 3p =
32(B2 − A2)






III. PHYSICAL INTERPRETATION OF THE
EXACT SOLUTIONS
To study the solutions given in the last section, let us rst introduce the






where R is the physical radius of the two-sphere t; r = Const:, and is dened
as that in Eq.(2.3). On the apparent horizon
R;R; g
 = 0; (3.2)
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where RAH is a solution of Eq.(3.2).
A. Massless scalar eld
Case ): In this case, the solutions are given by Eqs.(2.14) and (2.15)
with h = 1. According to the values of the constant c1, the solutions can be
further divided into two sub-cases, c1 > 0 and c1 < 0. However, it is easy to
show that with the replacement t by −t, we can get one from the other. Thus,
without loss of generality, we need only consider the case c1 > 0. Introducing
a quantity P  c2=c1, the metric can be written as ds2 = c1(1 − Pt)ds2M ,
where ds2M denotes the Minkowski metric. From this expression we can see
that the amplitude of c1 does not play any signicant role, hence in the
following we shall set c1 = 1. Then, the metric takes the form
ds2 = (1− Pt)[dt2 − dr2 − r2d2Ω]: (3.4)


















which shows that the spacetime is singular on the hypersurface t = P−1.
The nature of the singularity depends on the signature of the parameter P .
In fact, when P > 0 the singularity is hidden behind the apparent horizon
given by Eq.(3.6), and the solution represents the formation of black holes,
due to the collapse of the massless scalar eld. The corresponding Penrose
diagram is given by Fig.1(a). From Eqs.(3.5) and (3.6) we can see that the
total mass of the black hole is innitely large. To get a black hole with nite
mass, we can cut the spacetime along a hypersurface and then join it to an
asymptotically flat exterior [14]. Equation (2.15) shows that the coordinates
are comoving with the massless scalar eld. Thus, we can cut the spacetime
along the hypersurface r = r0, where r0 is a constant, and then join the part
r  r0 to an asymptotically-flat exterior. Once this is done, the total mass
of the scalar eld that falls inside the black hole is given by Eq.(3.5) at the








When P = 0, the massless scalar eld  becomes a constant, and the
corresponding metric (3.4) becomes that of Minkowski.
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When P < 0, the solutions are actually the time inverse of the ones with
P > 0. Thus, they represent white holes, and the corresponding Penrose
diagram is given by Fig.1(b).
The above analysis shows that, although this class of solutions does not
exhibits critical phenomenon in the sense of Choptuik [4], the mass of black
holes does take a scaling form (3.7) with the exponent γ being 0:5, which
is exactly the same as that given in the collapse of a massless scalar wave
packet with CSS [8, 14]. This result is a little bit surprising. However, a













; r = r3=2;
the metric (3.4) can be written as











where x  t=r is the self-similar variable. The above expression takes the
exact form for the solutions with CSS [18].
Solutions with CSS were extensively studied by Brady [23], and all of
them were divided into two classes. One can show that the above solutions
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belong to Brady’s second class. To show this, let us write Eq.(2.15) as
 = (ln jxj − ln r) + 0;
where 0 is another constant, and   (12)−1=2. Thus, we have 42 =
1=3 < 1, which falls into Class II solutions of Brady [23]. It should be
noted that Class II solutions were further divided into three sub-classes:
i) 42c < 4
2 < 1; ii) 0 < 42  42c ; and iii)  = 0, where c is
an undetermined constant. In case i), it was conjectured that the collapse
always forms black holes, while in cases ii) and iii) critical phenomena exist.
The only dierence between the last two cases is that in case ii) the critical
solution separates black holes from naked singularities, while in case iii) it
separates black holes from those solutions that represent the dispersion of
the collapse [8]. Clearly, our above solutions belong to case i).
Case ) In this case the solutions are given by Eqs.(2.18) and (2.19)
with h = (r2 − 2)−1. Since B2 − A2  0, we can introduce a constant t0
such that sinh(4t0) = A=
p
B2 − A2. Then, the metric coecient G(t; r)
can be written as G(t; r) = (B2−A2)1=2 sinh[4(t0−t)], where  = sign(B).
Clearly, the factor (B2 − A2)1=2 does not play any signicant role to the
properties of the solutions. Without loss of generality, we shall set it equal







 + r− r
 ;
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the corresponding metric becomes
ds2 = sinh[4(t0 − t)]
(












ln jtanh[2(t0 − t)]j+ 0; (3.9)
where 0 is another constant. To have a correct signature for the metric, we
require t0 − t  0.
The physical relevant quantities now are given by
m(t; r) =
sinh3(2r)







while the apparent horizon is given by
rAH = 2(t0 − t); ( = 1): (3.11)
Equation (3.10) shows that the solutions are singular on the hypersurface t0−
t = 0. When  = +1, the singularity is hidden behind the apparent horizon,
and the solutions represent the formation of black holes. The corresponding
Penrose diagram is similar to that of Fig.1(a). When  = −1, the apparent
horizon is behind the singularity, and the solutions represent white holes. The
corresponding Penrose diagram is that of Fig.1(b). Thus, only the solutions
with  = +1 represent the gravitational collapse of the massless scalar eld.
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Eqs.(3.10) and (3.11) show that in this case the total mass of the black hole
is also innitely large. To obtain a black hole with nite mass, we can cut
the spacetime and then join it to an asymptotically-flat exterior. Equation
(3.9) shows that the scalar eld depends only on t. That is, the coordinate
system ft; r; ; ’g is comoving. Therefore, we can cut the spacetime along
the hypersurface r = r0, where r0 is a constant. Once this is done, the total
mass that the scalar wave packet falls inside the black hole should be given





which, unlike the last case, is nite and non-zero for any given scalar wave
packet. Therefore, this model represents the formation of black holes, which
turns on always at nite masses.
It can be shown that this class of solutions does not have either CSS or
DSS.
B. Radiation fluid
Case γ) In this case the solutions are given by Eqs.(2.27) and (2.28)
with h = 1. Similar to Case , now only the parameter c2 is essential. Thus,

















Equation (3.13) shows that the spacetime is singular on the hypersurface
1 − Pt = 0. The nature of the singularity depends on the signature of
P . In fact, when P > 0, it is space-like and hidden behind the apparent
horizon. The corresponding solutions represent the formation of black holes.
The Penrose diagram is given by Fig.2(a), which is quite similar to Fig.1(a),
except that now the apparent horizon is null. When P = 0 the metric reduces
to Minkowski. When P < 0, the singularity preceeds the apparent horizon,
and the corresponding solutions represent white holes [cf. Fig.2(b)].





which diverges as rAH ! +1. That is, the total masses of black holes are
innite. To obtain black holes with nite masses, following the previous
cases, we can cut the spacetime along the hypersurface r = Const:, say, r0,
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since now the radiation fluid is comoving, too [cf. Eq.(2.28)]. Then, we can
see that the total mass that the fluid falls inside the black hole is given by





That is, in this case MBH also takes a scaling form but with the exponent γ
being equal to 1. This is dierent from the value γ  0:36 found in [5, 9].
Note that the solutions studied here and the ones studied in [5, 9] all have








Therefore, the dierence between the values of the exponent γ are not due
to the dierent self-similarities, as that in Case . We believe that this is
due to the regular condition at the center. In [9] it was shown that if the
solutions are analytic and have a regular center, the mass of black holes with
CSS must take a scaling form with γ  0:36. Thus, we conjecture that if we
give up the analytic condition, replacing, for example, by the condition that
the metric is c1, as did in [8], one should nd solutions that represent critical
collapse with a scaling form of mass and γ = 1. Since in the present case the
solutions do not represent the critical collapse, we can not verify this point
here.
Case ) In this case the solutions are given by Eqs.(2.32) and (2.33) with
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h(t; r) = (r2 − 2)−1. Similar to Case , we can introduce a constant t0 by
sinh(2t0) = A=(B
2 −A2)1=2, and write the metric in the form
ds2 = sinh2[2(t0 − t)]
(






where r is dened as that in Case . Then, we nd that
m(t; r) =
sinh3(2r)








rAH = t0 − t; (3.19)
where   sign(B). The above expressions show that when  = +1, the solu-
tions represent the formation of black holes, and the corresponding Penrose
diagram is that of Fig.2(a). When  = −1, they represent white holes. The
corresponding Penrose diagram is that of Fig.2(b).
The masses of black holes are innite, as we can see from the above expres-
sions. But, since the coordinates are comoving with the fluid [cf. Eq.(2.33)],
we can cut the spacetime along the hypersurface r = r0, where r0 is a con-
stant, and then join the part r  r0 with an asymptotically-flat exterior.






which is nite and non-zero for any given collapsing shell of radiation fluid.
Therefore, this case also represents the formation of black holes, which turns
on with nite masses.
Using Eqs.(2.3) and (2.4), one can show that the solutions in this case
have neither CSS nor DSS.
IV. CONCLUDING REMARKS
In this paper, we have presented several classes of conformally flat and spher-
ically symmetric exact solutions to the Einstein eld equations, coupled with
either a massless scalar eld or a radiation fluid. Some of these solutions
represent the formation of black holes, due to the gravitational collapse of
the matter elds. However, since the masses of black holes are all innite,
we have discussed the possibility of cutting the spacetime along a hypersur-
face, and then joining the internal part with an asymptotically-flat exterior,
so that the resulting masses of black holes are nite. Once this is done, we
have shown that the masses of such formed black holes always take a scaling
form for spacetimes with CSS for both massless scalar eld and radiation
fluid. The corresponding exponent γ is 0:5 for the massless scalar eld, and
1 for the radiation fluid. In [9] it was shown that the masses of black holes
formed from the critical collapse of radiation fluid with CSS always take a
scaling form but with γ  0:36. This seems to contradict with the results
26
obtained here. However, it should be pointed out that the results obtained
in [9, 10] are based on the requirement that the solutions be analytic and
have a regular center. When we give up one of the two conditions, we would
expect that the results would be dierent, in particular, we should be able to
construct solutions that represent critical collapse of a radiation fluid with
masses of black holes taking a scaling form and the exponent being 1. Of
course, this is just a speculation, since our solutions constructed here do not
really represent critical collapse. To clarify this point, it would be very useful
to consider solutions with less requirements than those in [9, 10].
On the other hand, the masses of black holes formed from the collapse
that has neither CSS nor DSS always turn on at nite values, which supports
our conjecture made in [14]. Thus, if astrophysically interesting black holes
are all with nite non-zero mass, Nature seems to forbid solutions with CSS
or DSS.
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Figure Captions
Fig.1 The Penrose diagram for Case ) dened in text: (a) for P > 0 and (b)
for P < 0. The spacetime singularities are represented by dash lines. The
apparent horizons (AH) are space-like.
Fig.2 The Penrose diagram for Case γ): (a) for P > 0 and (b) for P < 0.
The spacetime singularities, represented by dash lines, are space-like, while
the apparent horizons (AH) are null.
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